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Shear-flow instability due to a wall and a viscosity
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Consider the Couette flow of two superposed fluids of different viscosity with the
depth of the lower fluid bounded by a wall and the interface while the depth of the
upper fluid is unbounded. The linear instability of this flow configuration is studied
at all values of flow Reynolds number and disturbance wavelength using both
asymptotic and numerical methods. Three distinet forms of instability are found
which are dependent on the magnitude of two dimensionless parameters g and (aR),
where f is a dimensionless wavenumber measured on a viscous lengthscale, « is a
dimensionless wavenumber measured on the scale of the depth of the lower fluid and
R is the Reynolds number of the lower fluid. At large f there is the short-wave
instability found previously by Hooper & Boyd (1983). At small B and small (aR)}
there is the long-wave instability first discovered by Yih. At small 8 and large (xR)3
there is a new type of instability which arises only if the kinematic viscosity of the
lower bounded fluid is less than the kinematic viscosity of the upper fluid.

1. Introduction

It is known that the viscosity discontinuity at the interface between two viscous
fluids in shearing motion can cause instability, Yih (1967), Hooper & Boyd (1983,
hereinafter referred to as HB). HB studied the Couette flow of two superposed viscous
fluids in an infinite region — that is, in the absence of solid boundaries — and showed
that the flow was always unstable. Remarkably the instability was in essence a
short-wave instability. In contrast, Yih, who studied plane Couette and plane
Poiseuille flow of two superposed fluids of different viscosity confined to a channel,
showed that instability may exist in the long-wavelength limit. In this paper we study
the instability at all wavelengths of a flow intermediate between those two.

The flow we study is that of two superposed viscous fluids in linear shearing motion
bounded by one wall (see figure 1). We find that, in addition to the Yih-type and
HB instabilities, there is a new type which arises at large Reynolds number and is
due to the effect of the viscous boundary layer at the wall on the inviscid flows that
can exist on either side of the interface.

Its growth rate is determined by the ratio of the viscosities and densities of the
two fluids and the depth of the lower bounded fluid. Equation (3.32¢) of §3.2 shows
that the flow can be unstable if the kinematic viscosity of the lower bounded fluid
is less than the kinematic viscosity of the upper fluid. (It is only in §3.2 that we
consider fluids of unequal density and study the effect of a density stratification on
the stability of the flow. Throughout the remainder of the paper we consider fluids
of equal density and study only the effect of a viscosity stratification on the stability
of the flow.)
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Ficure 1. The flow configuration.

We shall find that the analysis of the linear stability problem depends on three
important lengthscales: d, the distance from the wall to the interface; A, the
wavelength of the disturbance; and I, a viscous lengthscale of the disturbance. The
viscous lengthscale ! equals (Av/a)i where v is the kinematic viscosity and a is
the shear rate of the lower bounded fluid. This lengthscale arises naturally in the
linearized equations for the disturbance.

Corresponding to these three lengthscales are three dimensionless ratios:

a=21t%,

(@R} = (2m)}

R~

l

2
and p=(2n) A~ @R}
Here R is the Reynolds number of the lower fluid, #? is the wavenumber used in the
HB analysis (there denoted by a). The first two of these parameters is of course widely
used in hydrodynamic stability calculations (see e.g. Drazin & Reid 1981, chapter
4) but the importance of # seems not to have been widely appreciated.

The nature of the instability for the flow configuration of figure 1 is determined
primarily by the magnitude of the parameters (xR)! and f. When (xR)i » 1 and
f> 1, we find the short-wave interfacial instability of HB. A similar kind of
instability is found at all values of (¢R)s < 1 as long as # > 1. When (aR)} < 1 and
B < 1 we find the long-wave instability similar to that found by Yih for Couette flow
of two viscous fluids in a channel. Yih’s analysis has been extended by Hooper (1985)
to include the configuration of figure 1. Hooper found that the flow is unstable if the
unbounded fluid is also the less viscous fluid. Otherwise the flow is stable. The
numerical results show that this type of instability persists at zero Reynolds number
(see figure 6). Surface tension stabilizes the flow and asymptotic results show that
when the dimensionless surface tension § equals or exceeds 0.00498 (where S is defined
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in §2) the flow is completely stable at zero R. When (aR)} > 1 and 8 < 1 we find the
new type of instability which is due to a viscous boundary layer at the wall. When
both fluids are of equal density the growth rate of this instability is determined by
the ratio of the viscosities of the two fluids. If the unbounded fluid is also the more
viscous fluid then the flow is unstable and vice versa.

The problem is formulated in §2. In §3 we describe a singular perturbation scheme
which is used to find this new instability that occurs when (R$ > 1 and # < 1. In
§4 we derive the exact secular equation and solve for ¢ numerically. Four different
asymptotic regimes are identified according to the magnitude of (¢ R)} and g, and the
asymptotic analysis for the two regimes, which have not been discussed previously
by HB or Yih, are described. A discussion of the results in the light of previous
theoretical and experimental studies is given in §5.

2. Formulation of the problem

The basic flow configuration is shown in figure 1. The equations of motion are
non-dimensionalized with respect to d, the distance from the wall to the interface and
a,, the shear rate of the lower fluid. This introduces the following dimensionless
parameters:

R =a,d?/v,, the Reynolds number of the lower fluid,

m = u,/u,, the viscosity ratio,

r = p,/p,, the density ratio,

8 =1T/p,a?d?® the dimensionless surface tension parameter
and F = (1-r)gd/a2d?,
and a dimensionless coordinate system defined by

(x,y) = (X, Y)/d

where (X, Y) are denoted in figure 1.

We assume the disturbance has an z- and {-dependence of the form exp (iet(x — ct)),
where a is the dimensionless velocity of the disturbance in the z-direction. The growth
rate of the disturbance is given by Im (ac).

Therefore we find that the stream function in each fluid satisfies the Orr—
Sommerfeld equations

2

d2 2 . d
(d_gﬁ—az) .(y) =iaR(y—c) <E?—ﬁ—a2) P.ly) for —1 <y<O, (2.1a)

d? 2 iaRr d?
and (a?—az) $oly) = —5 (y—me) (d—y-‘,—az) $5(y) fory >0, (2.1b)
subject to the no-slip conditions at the boundary y = —1,
$(—1)=0, (2.2a)
dg, -
dy (—1)=0 (2.2b)

and the boundedness of the disturbance as y > co.
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The boundary conditions at the interface are that each component of velocity and
stress is continuous. Thus we require on y = 0 that

$1 = ¢, = ¢(0), (2.3a)
d¢, _ dé, , $(0) (1—m)
-G m (2.3b)
d? d?
<F+a2)¢ —m<F+a)¢2, (2.3¢)
d¢l 1 <d2 >d¢,
3y HO+ g (g%
iR \dy?
_ 9% 9O\ . gO), m (& . .\ dg
—r<c dy+ m> + (a?S+ F) . R(dy —3a> dy (2.3d)

For further details, see Yih (1967).

In §§3 and 4 we wish to compare some results with those given by HB for different
values of dimensionless surface tension. We denote the dimensionless surface tension
parameter of HB as Syg and note that Syp = SRi. Similarly we introduce the
dimensionless number Fyz where Fyp = FRY The parameters Syg and Fyp are
independent of the depth of the lower fluid 4.

3. A singular perturbation scheme valid when (@R} > 1 and p<1

When (aR) > 1 and f < 1, the viscous lengthscale of the disturbance ! is much
less than the distance between the wall and the interface d and the wavelength of
the disturbance A. We can therefore argue that within most of fluids 1 and 2
viscous forces are much less important than inviscid or inertial forces and may be
neglected. In some regions, however, viscous forces may be of the same order of
magnitude as the inertial forces. These regions are the viscous boundary layer at the
wall, the viscous boundary layer at the interface and the critical layer where the
velocity of the disturbance equals the basic flow velocity. The solution to the problem
defined in §2 can therefore be found by a singular perturbation scheme, which is
described below for the case r = 1 and § = 0.

3.1. The singular perturbation scheme

When (2R} > 1 and f <1, the viscous part of the Orr—Sommerfeld equation
(left-hand side of (2.1)) may be neglected except within the viscous boundary layers
at the wall and interface and the critical layer. Thus outside these layers the
eigenfunctions ¢, and ¢, both satisfy

daz
which gives PO = by, 67 +d,y, e (3.2a)
and ) = @y, 67 (3.2b)

since ¢, is bounded as y— co.
Fluid 1 is bounded by a wall at y = —1 and hence ¢, contains an inner solution
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¢{™ valid within the viscous boundary layer near y = — 1. To find this inner solution,
we transform (2.1a) by the change of variable
2= (aR)E(1+y) (3.3)
. d’w, [ . . 2 a’]
to give e i(l+c)+i (aR)§+aR w,, (3.4a)
dz  a?
— = )W
where w, = (dz2 aR) oM. (3.40)
The form of (3.4) suggests an expansion for w,, ¢{* and ¢ of the form
e ¢] 1 n
w,; = rEo ((aR)%> Wygs (3.5(1)
(w) - 1 " (w)
W) — \.4
#0 =3 (gm) 40 3.5)
d [+ 2] 1 n
an c= Eo <(aR)§) Cn> (3.5¢)
where o, ,, satisfies
d? . .
(d 2+l(1 + CO)) wl” = lzﬂ)l(n_l) —1 jzl Cj wl(n_j) +a2w1(”_2), (3.6a)
and ¢{¥) satisfies
d: af
(g . R) ¢ = Orn- (3.6b)

(In (3.6a) w,; is identically zero when j is negatlve )

We are thus able to find a series expansion in (xR)™ for ¢{™ which is valid within
the viscous boundary layer at the wall, y = — 1. We match this solution to the inviscid
solution for ¢, (equation (3.2a)) and thus find a series expansion in (xR)7 for ¢{®
(see (3.14a)). We assume that the critical layer is not close to either the viscous
boundary layer at the wall or the viscous boundary layer at the interface. This
assumption is verified a posteriori in (3.23). It can then be shown that the eigen-
function ¢ has the same form inside the critical layer as outside the critical layer
since the velocity profile has zero curvature. Therefore the presence of the critical
layer, whether it occurs within fluid 1 or fluid 2 can be ignored.

Next we find a series expansion in (aR)~# for the eigenfunctions ¢;, j = 1,2, within
the viscous boundary layer at the interface and match the inner interfacial viscous
solution ¢§" to the corresponding outer inviscid solution ¢{*, j = 1,2. The eigen-
functions ¢f" are substituted into the four interfacial conditions at y =0 (equa-
tion (2.3)). We thus find a series expansion in (aR)7t for the eigenvalue ¢ (see
(3.23)—(3.27)).

We first solve the viscous-boundary-layer equations at the wall, (3.6), at leading
order. This gives a series expansion in (aR)™* for the outer inviscid solution ¢{” which
is valid up to O(aR) 3. The boundary conditions at the interface show that the viscous
boundary layer at the interface does not affect the disturbance until O(aR)™.
Therefore we can determine ¢ up to O(aR)} by substituting the inviscid eigen-
functions ¢{?, j = 1, 2 into the inviscid boundary conditions at the interface — namely
continuity of normal velocity and continuity of normal stress (equations (2.3a,d)).
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The first two terms in the expansion for the eigenvalue ¢ are given in (3.23)—(3.24). To
determine higher-order terms of ¢, however, we must consider the full viscous solution
of the eigenfunctions ¢; (j = 1,2) valid within the interfacial viscous boundary layer.
The eigenvalue ¢ is then found to satisfy (3.27).

The leading-order term for ¢{™ is found from (3.6) and satisfies

¢%) = d,, exp [a/(aR)ﬁ z]+b,, exp [_a/(aR)% z]+d,; eP*+ b, e7P?, (3.7)
where p=e "4 (14t (3.8)

We require that this leading-order solution match the outer solution in the overlap
region when 1+y < 1 but (¢R): (1+y) > 1. Then both the inner wall solution of (3.7)
and the outer inviscid solution of (3.2a) are valid. This implies that at leading order

dy;=0. (3.9a)
by €* = dyq (3.956)
and dyo €% = by, (3.9¢)
The no-slip and no-flux boundary conditions at the wall, z = 0,
(W) ¢(W)
3 =0, B PR 0 (3.10a)
. _ .. (aR)ip ( a )
yield dio = 1by4 " 1- @R)ip (3.100)
(xR) a
and big = —3byy P (1 + (aR)%p>' (3.10¢)

We substitute (3.9) and (3.10) in (3.2) to find that the outer solution for ¢, may be
expressed in terms of only one unknown constant and that at leading order ¢{
satisfies

© =7 |si __Z

ol b, [smh a(l+y) m cosh a(1 +y)], (3.11)
1

where by =—by, (aIZ) P

A more accurate representation for ¢{ is found if we solve for w, and @™ at the
next order, O(1/(xR)3). From (3.6) and (3.7) we find that

P =d,, exp[a/(aR)iz]+b,, exp[—a/(aR)iz]
NE 1(5 ¢ p) 2 ( ¢ p>]
' - - ? by 2 (1-4alk
+b,; exp[—pz] (—1) [4p +p (4 5 z+p3 1 )| (3.12)
The boundary conditions at y = — 1, (3.10a), and the matching criteria in the overlap

regions when 1+y <1 yet (aR)z > 1 then yield that the outer solution @{ is
given by

i

_ 1
P = b, {Sinh“(l +y) [1 ~@ER P (%“%Clp)]

i1
(a;)%p cosha(l +y) [1—@1?(2—“;)]}, (3.13)



Shear-flow instability due to a wall 207

which can be more conveniently written in the form

. 1 ' 2
¢ = b, {smha(l +y)+a cosha(l +y) [ @R)ip +—5 ((“ pﬁ 1 )]+0(aR) z},
(3.14a)

where

—h i 1 -1
b, = bo[ GRI P (4 1, p)+O((aR) ):|.
Thus the expansion in (aR) for ¢1 within the viscous boundary layer at the wall
leads to another expansion in (aR)™# for ¢, in the outer inviscid region. Similarly we
see that in fluid 2, the outer inviscid solution for ¢, has the form

P = Z ag(aR) % e (3.14b)

The value of ¢ is found from the 1nterfaclal boundary conditions at y = 0, (2.3).
Equation (3.4) is not valid near y = 0 because of the presence of an interfacial viscous
boundary layer there where again viscous forces must be taken into account.

To find a solution for ¢, and ¢, valid at the interface we transform (2.1) by the
change of variable

u = (aR)ty (3.15)

to give ‘3;:;‘ = [—ic+ai—;%)—§+£%:| w,, (3.16a)
(g;;” = [ I, (ad;;t m,+:—;] Wy, (3.16b)

where (%—f;—a) M =w, (j=1,2). (8.16¢)

We look for solutions to (3.16) of the form
o)
¢§1) = ¥ (aR)’”/qug,) (3 =1,2), (3.17)
n=0

and match the inner interfacial solution to the outer inviscid solution of (3.14) in the
overlap region where |y] < 1 but (xR)t|y| > 1. Thus we find that near y = 0

oM = b, {sinh a(l+y)+a cosha(l+y) [ﬁ (—-—)+aR @ p4‘p))+0(aR)‘%:|}

+exp [g(aR) y) ("E;o d,,,(aR)-"/*)
» X {riq ¥ +(T.1§E [1 —% (§+%) y]+aLR ? (1 +%)+0(aR)-%} (3.184)
PP = ey (:z_o;o ao"(aR)-n/2)+exp [—q(aR)} y/mi] ( E b,,,(aR)‘"/’)
g (o) V]2 B (28 +orrt},

(3.18b)
where g=e"4c} or et (—cy). (3.19)
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(The constants d,, and b,, of (3.18) should not be confused with the constants d;,
by, j = 0,1 or d;; and b; of (3.7), (3.12).) The interfacial boundary conditions (2.3)
at leading order are

b, sinh a = a,,, (3.200)
diy = —L2b, 3.20b
q i0 mé 10> ( . )
q2
g*(@R)dyy = m - (aR) by, (3.20¢)
3
PaR}d,, =m ( mq, ) (aR)tby,. (3.20d)

Equations (3.20b, ¢, d) combine to give
dto = bio =0.
Therefore the leading-order terms of (2.3b, c,d) are

ab, cosha+qd;, = — gy~ 1 biy +—50— _:n_’ (3.21a)
2 1 _ q2 1
PlaRidy =mL @Rrps, (3.21b)

'

q L1—m ¢
colab, cosha +qdy) +g*d;,;, = ¢, ( — Qg = T b“) +ay, (T>— m-3 b,. (3.21¢)
These equations show that
dy=0b;=0. (3.22)
Then (3.21a), the tangential velocity condition, is equivalent to (3.21¢), the normal

stress condition. From (3.20a), the normal velocity condition, and (3.21a) or (3.21¢)

we find that
1—m[l—e2
00 = [ 5 ] (3.23)

Thus at leading order the viscous portion of the disturbance at the interface is
negligible and the first term in the series expansion for ¢, (3.5¢), is found from the
solution of the inviscid boundary conditions at the interface, which are continuity
of normal velocity and stress.

The interfacial boundary conditions at next order yield

a, = b, cosh(—l>, (3.244)
p
diy =—m7iby, (3.24b)
bo(l—m)mi
where by, = 2a? oqL’(1+_n)ﬁ) sinha (3.24c¢)
_ —2a
and € = _({=m) c (3.244d)

m r
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Since p = eI (1+¢,),

(l—m) ein/d e I,
m (L+c,)

¢ =— (3.25)
which implies that the flow is unstable if m > 1 and stable otherwise.

One may proceed in a similar fashion to calculate higher-order approximations to
¢. We find that the inviscid part of the eigenfunctions ¢ and @’ contribute a
second-order correction to ¢ of the form

o f1=m)\ L R+ - m/m)e‘2°‘+a(l+c)]
021—_1( m ) 2 (1+c,)? .

(3.26a)

and the viscous part of ¢{V and ¢{¥ contribute a second-order connection to ¢ of the
form

2o = —2ia?[(1 +m)+ (1—m) e722]. (3.26b)

We thus have found an expansion for ¢ of the form

c=c, ( ;Z)‘c +—= L (cn+cw)+..., (3.27)
where ¢, is given in (3.23), ¢, in (3.25) and ¢,; and ¢, in (3.26).

This series expansion for ¢ has been checked numerically. In §4 the exact secular
equation for c is derived and solved usmg both numerical and asympt,otlc techniques.
The same asymptotic expansion for ¢ is found when # < 1 and (xR)} > 1 and the
expansion is shown to be in good agreement with numerical results (see figure 4).

We note that the terms ¢,, ¢, and ¢, all arise from the expansion for ¢ in the inviscid
region and hence are due to the disturbance vorticity created at the wall. The term
¢, is real and therefore does not affect the stability of the flow. The imaginary part
of both ¢, and c,, is positive when m > 1 which implies that the viscous boundary
layer at the wall can be a destabilizing influence on the flow.

The term c,, arises from the expansion for ¢ in the viscous boundary layer near
the interface. This term is pure imaginary and always negative and we therefore
conclude that when # < 1 and (aR)} > 1 the viscous boundary layer at the interface
has a stabilizing effect on the flow.

As a—> 00, ¢ tends to the value found by Hooper & Boyd when their wavenumber
was small (HB, equation (27)). Thus as the separation between the solid boundary
and the interface increases with all other parameters of the flow held fixed, the
destabilizing effect of the viscous boundary layer at the wall is reduced and the
stability of the flow is eventually governed only by the effect of the disturbance within
the viscous boundary layer at the interface. Neutral stability results when the
destabilizing effect of the wall viscous boundary layer balances the stabilizing effect
of the interfacial boundary layer. Therefore when (xR): > 1, neutral stability will
result for m > 1 whenever

m—1 e 202 .
( m )(2(l+co)aR)é=a_R[(1+m)+(1_m)e 1 (3.28)

From this equation we deduce that when m > 1 there exists a branch of the neutral
stability curve which in the (a, R)-plane behaves like

a~1lnR as(aR)i— o0, (3.29a)
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and in the (8, (aR)})-plane behaves like

In (xR)
A~ ~ary

Comparison of the numerical results with (3.29) reveals that in figure 6, the
appropriate branch of the neutral stability curve has not yet reached this asymptotic
regime. In fact when R =900 the value of (aR)* on the appropriate neutral-
stability-curve branch is only 7.86. Figure 3 clearly shows that (aR)} = 7.86 is outside
the regime of this asymptotic analysis. The numerical results show that the
appropriate branch of the neutral stability curve approaches the asymptotic be-
haviour of (3.29) for (xR)} > 20 approximately.

as (aR)i > 0. (3.29b)

3.2. Unequal density and non-zero surface tension

When the densities of fluids 1 and 2 are not equal, the eigenfunction ¢, and the normal
stress boundary condition must be modified to include the density ratio parameter
r, where r # 1. The normal stress boundary condition must also be modified to include
the effect of the gravity component acting normally to the flow and the effect of
non-zero surface tension.

First we assume that surface-tension effects and gravity are negligible. When
r #+ 1, the eigenfunction ¢{, (3.18b), is modified to

P =e" ( E ao,,(aR)‘"/2>+exp[— (:f)’ ] ( T b, (aR)” nl2>

n=0 n—o
i 7é 2 __1_ [ _}1"_ <__51__Cl 7%9) ]_ 1 2imd (L_Cl r%q) _a}
{ 4q m + (aR)‘} 1 qzr 4m? 2m; Yy (aR) qri e 2m§ + O(GR) .

(3.30)
The eigenfunction ¢{V is unchanged.

We substitute ¢{¥ of (3.18a) and ¢V of (3.30) into the interfacial boundary
conditions at y = 0 to find that at leading order

by =diy =0, a, =bysinha (3.31a,b)
r—m 1

and Co = o I:r+cotha]' (3.31¢)

At O(aR)#

aby(1 —7) r (cosha+m sinh a)
dy = 1by = q(r—m) (r + 7A/md) , (3.32a)
a,, = a cosha (—5) b +< ) dy, (3.32b)
and
c __(r—m)[ 1 ]_ r(1—r)? (cosha+m sinha)? 1
1 m | p(cosha+rsinha)?| gm(r—m) (cosha+rsinha)? (r+7i/mi)’

(3.32¢)

where p is defined in (3.8) and ¢ is defined in (3.19).

The first term in (3.32¢) is a straightforward modification of ¢, in (3.24) and is due
to the viscous boundary layer at the wall. This term is destabilizing when r < m and
stabilizing when r > m. The second term in (3.32¢) is due to the viscous boundary
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layer at the interface and is always stabilizing. Thus when r # 1, the stabilizing effect
of the interfacial viscous boundary layer when (zR): > 1 and § < 1 is apparent at
O(aR)7%, compared to O(aR)™! when r = 1.

When a > 1, the result in (3.32) can be compared with that of Dore (1978a,b) who
studied damping of interfacial gravity waves in deep water when there is no basic
shear flow. He found that the interfacial viscous boundary layer introduces a
stabilizing item at O(aR)™2 even when r = 1.

Now consider the effect of non-zero surface tension and gravity. From §2 we note
that surface tension and gravity appear in the normal stress condition in the form

(@S + F) @ (3.33a)

which equals (BiSup+ fiFgp) %, (3.33b)

where S, F, Sy and Fyy are defined in §2.
Since # < 1, the effect of a non-zero value of Syy and Fyy is small. The leading
term is the expansion for ac is merely modified by the addition of the term

m
(-2) (S un + 2 Fexm) (334)
This term is purely real and plays no part in the stability of the flow except where
the leading term in the expansion for ¢,c, occurs in the next-order terms. The
numerical results given in figure 3 (c) for different values of Syg confirm that in this
region where # < 1 and (aR)t > 1, surface-tension effects are negligible.

3.3. Extenston to channel flow configurations

This scheme is easily extended to channel flow configurations. Consider Couette flow
of two viscous fluids of equal density confined to a channel where d; denotes the depth
of fluid j (§=1,2). This system contains the dimensionless parameter =, the
depth ratio equal to d,/d, in addition to the dimensionless parameters listed in §2.

The outer inviscid solution for ¢, is now affected by the viscous boundary layer
that exists near the solid boundary at y = n but the solution for ¢ at the interface
remains unchanged. We find that the outer inviscid solution for ¢, is

PO = a eV +e, e, (3.35a)

and the solution for ¢, near the wall, y = n, is at leading order

a a
P = a,; €752+ ey e+ ay; exp [——m z] +e,; exp [za_R)g z] . (3.35b)

where 8t = ;12- (n—mc) (3.35¢)

and z= (aR) (n—y). (3.35d)

We match ¢{* and ¢{* in the overlap region where both forms of ¢, are valid and
apply the boundary conditions at z = 0 (equation (3.8)) to show that at leading order

P = qa, [sinh a(n—1y) —ﬁ cosh a(n—y)]. (3.36)
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Section 3.1 showed that ¢{* gives the correct behaviour for the disturbance at y = 0
up to O(aR) % Thus we need only consider the inviscid boundary conditions at y = 0
to show that

. = (1 —m) sinh an sinha 3.97
"\ m Jasinha(l+n) (3.37a)
1—~m\ [e™/4(1 +¢,)# sinh?an+e~1*/4 m(n—mec,)? sinh?
and cl——( — )[ ST a(T T ] (3.37b)
In particular when a <€ 1
1—-m =n
=—"Tim (3.38a)
(1—m) m B
and o =— [2n(1+n)3 (m+n)] (i +nk +i(nd—mb)). (3.38b)

Therefore neutral stability results when n3 = m. When m > 1, the flow is stable if
n < md, and unstable otherwise. Thus the depth of the more viscous fluid is an
important factor in this instability and the boundary which limits the depth of the
more viscous fluid exerts a stabilizing influence if close enough to the interface. These
results agree with those of Renardy (1985) who studied the stability of Couette flow
of two superposed viscous fluids confined to a channel using numerical techniques.
She chose m = 2 and n = 3 and found a region of instability when (aR) > 1 and
A <1

3.4. Energetics of the flow

Energy considerations provide a useful insight into the nature of this instability. The
energy equation for the disturbance to the flow depicted in figure 1 and averaged over
one wavelength of the disturbance is

0 /4 2
[* (G Gtm+o)+ Re oty + 2 ) dy

{a

©/d 1 2am
— (1 2 2 _ * - 2)|2
+J‘0 (dt (2(|u2| +|v2| ))+m R’e (u2 102)+ (aR) egj | ) dy

= iy (=) Tidyoo: (3.39)
where (u;,v,) is the disturbance velocity in fluid 4, (i = 1, 2), eff? is the rate-of-strain
tensor of the disturbed flow in fluid %, (k = 1,2) and T}, is the tangential stress at
the interface, y = 0. (For further details compare HB.)

When («R)} > 1 and f < 1 all terms in (3.39) can be expressed in a descending
power series of 1/(aR):. We find that the Reynolds stress and the viscous dissipation
in fluid 1, the fluid which is bounded by the wall at y = — 1 and the interface at y = 0,
are both O((«xR)}) whereas the Reynolds stress and viscous dissipation in fluid 2 and
the term on the right-hand side of (3.39), which represents a transfer of energy via
the tangential stress at the interface, are all O((aR)™!). Therefore the effect of the
upper fluid and the tangential stress at the interface on the instability is negligible
compared to the effect of the lower bounded fluid. Further analysis shows that in fluid
1 (when § = 0 and r = 1) the sum of the viscous dissipation term and the Reynolds
stress term, a term which is always positive when aR > 1 and f < 1, is

(m— 1) ol |bel2  sinhea
m ) (@RE[2(1+c))}t ae*’
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where ¢, is defined in (3.13a). The above term is positive when m > 1 and negative
when m < 1. Therefore when m > 1, the stabilizing influence of viscous dissipation
is not sufficient to overcome the destabilizing effect of the Reynolds stress. When
m < 1, however, viscous dissipation does stabilize the disturbance.

This analysis suggests that the instability at large («R)3 is due to the disturbance
vorticity generated at the solid boundary. It seems that this unstable mode is similar
in nature to a Tollmien—Schlichting wave which produces instability in bounded
two-dimensional parallel shear flows. Study of the energy equation shows that the
instability is driven by the Reynolds stress in the lower fluid whereas the HB
short-wave instability is driven by transfer of energy at the interface via the
tangential stress of the disturbance. The mechanism for the instability is therefore
quite different from the mechanism for the HB short-wave instability. Viscous forces
dominate the HB instability and an argument for the mechanism of this instability
is given by Hinch (1984) in terms of advection of the disturbance vorticity.

4. The exact solution
4.1. The secular equation and its numerical solution

The problem posed in §2 may also be solved exactly for any value of « and R. We
will assume r = 1 in this section. The Orr—Sommerfeld equations of (2.1) contain
solutions in terms of Airy functions. Thus the solution to (2.1a) subject to the
boundary conditions of (2.2) is

$(y)=¢a, [i Iy sinh a(y—z) Ai <ei"/“ (aR) <z—c—i %)) dz]

-1

+a, I:i r sinh a(y—2) Ai <e5"‘/“ (aR) <z—c—1 —)) dz] (4.1a)
-1

and the solution to (2.1b) subject to the boundedness of ¢, as y >0 is

—a 1§ _ou (Y ez a: aR\} . am?
80 = b e +by g {e f oo i (o (25) (s -me—i 57 ) o=
w 1 2
+e2¥ I e—%% Aj <eiu/e <a_1f)3 <z_ .am )) dz} . (4.1b)
v m R

We substitute the above forms of ¢, and ¢, into the interfacial boundary conditions,
(2.3), to derive a secular equation F(a, R, m,c) = 0, which may be regarded as the
dispersion relation. This secular equation has the form

e'r/¢ I:Pz(Aleil—ezi"/” Au A;2)+m <Q11 lm,:n Ilg N ) <A12 A —e®/3 4 Alz)

1—-m1 A, 4,
m (Qu_’m E N12) ( 11:1,3 t-4 Au):l
1

+24(1—m) {Pz I:ein/e (Nyp A7y —etin/3 Ny, A%) +; (Nyp4,,— Ny 4,)

eiﬂ:/ﬁ A’ 1
+/9(M12A11—M11A12)]+(Mu Ny—N,M,)m ["_m%‘_b’(ﬁ_ ) Az:l}
+4(ﬂ)3 (l —m)2 P2 ('Nll Ml2—Mll N12)—imSHB E;g‘ [P2(A12 Nll_All le)

—mAy(My, N12—M12N11)] =0, (4.2a)
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=< = (@R}
where g= @R} k= (aR)c,
4,, = Ai (€78 (k+if?), (4.2b)
A, = Ai(e7178 (k+if?)), (4.2¢)
—5in/e
4,= Ai( = (mx+i,32m2)), (4.2d)
aR)b
N,;= f sinh (Bz) Ai (€% z+«+if?)dz (j=1,2), (4.2¢)
0
(@R
M= J cosh (8z) Ai (e (z+«x+if%)dz (j=1,2), (4.2f)
0
Qu=M,+N, (j=12), (4.29)
g, = —sin, 6, =—kn, 4.2)
© ein/e
P,= J e f2 Ai ( - (z—mK—iﬂ2m2)> dz, (4.27)
0 3

and ’ denotes the derivative.

Inspection of (4.2) shows that the important parameters of the problem are g,
which is related to the dimensionless wavenumber measured on the viscous length-
scale, and (aR):. The dimensionless wavenumber a does not appear explicitly within
the expression for F.

We solve the secular equation numerically. We compute the Airy functions of
complex argument that appear in (4.2a) using an algorithm developed by Schulten,
Anderson & Gordon (1979). We find the roots of the secular equation by searching
for the minima of | F|* with respect to ¢ for any given m(aR)}, # and Sy5. The strategy
to find all the modes of the instability is similar to that used by HB. We fix the value
of m and Sy g and find all the roots of the secular equation when £ < 1 and (aR) > 1.
We then follow each mode either by fixing (aR)} and changing 8 by small steps or
by fixing # and changing (aR)} by small steps.

When (xR): > 1 and 8 < 1, (4.2) reduces to

1-m) 1 A, A ,
'(_K—)BNU)( ,1’;; 2 —etir/3 AzAm) (1+€)=0. (4.3)
In the above equation the relative magnitude of the neglected terms of (4.2) is denoted
by €. Lengthy asymptotic analysis shows that € ~ O(f*aR)73).
The different modes of the instability are easily identified from (4.3). First there
are the modes which are solutions to

(rae

Auds awss g 47, = 0. (4.4)
mas

There are an infinite number of modes which satisfy this equation. These are
interfacial modes first identified by HB (equation (25)). They showed that these
modes are stable. Figure (2a) shows the first four interfacial modes when g = 0 and
m = 2. These modes have been found by solving (4.2) numerically. We see that for
(aR)} > 5, the first three modes are already in the asymptotic regime (xR)} > 1 and
B < 1-regime (iii) discussed below—and are solutions to (4.4).
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Ficure 2. Graphs of Im (x) vs. (aR): for m = 2 and # = 0 for (a) the interfacial modes, which for
large (xR)} are solutions to (4.4); (b) the wall modes, which for large (aR)} are solutions to (4.5).

There are also modes when @,, ~ 0 and N,,/# ~ 0. These are the wall modes and
when # = 0 are given approximately by

k=—(aRp—z e (n=1,2,3,..), 4.5)

where z_ , are solutions to

[e ]
j Ai(tydt = 0.
z
Figure (2b) shows the first three wall modes when # =0 and m = 2. These modes
became increasingly more difficult to compute as (aR): is decreased but the results
suggest that they always remain stable.

There is one more mode, the solution of which is given by

1-m N,
m @,

This mode is unstable when m > 1. This is precisely the same mode that is unstable
in the short-wavelength regime previously studied by HB. The neutral stability curve
in the (B, (xR)3)-plane for m = 2 and Sip = 0 is shown in figure 3(a).

The asymptotic term of each branch of the neutral stability curve is marked on
figure 3(a). The results of HB show that in the case of unbounded Couette flow,
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instability exists when m = 2 once 2n(v/a)t/A > 0.145. The wavenumber £ equals
[2r(v/a)t/ATE. Therefore we deduce from the results of HB that as (aR)} - co the upper
branch of the neutral stability curve in the (8, (¢ R?)-plane tends to 8 = 0.276. The
numerical results confirm this. The asymptotic results of §3 show that as (aR)} > 0,
the lower branch of the neutral stability curve tends to # ~ log («R)}/(aR)}. The other
branch of the neutral stability curve, which arises in the region (aR)} ~ O(1), is found
from numerical calculations to cut the (xR) axis at (aR)i = 3.107. Asymptotic
calculations given in §4.4 yield that as § becomes large this branch asymptotes to
the hyperbola g(axR): = 1.8. Figure 3(a) shows that the numerical results for this
branch of the neutral stability curve are already quite close to the asymptotic results
when 8 ~ 1.0.

Lines of constant growth are shown in figure 3 (b). The regime in figure 3 (b), where
all constant-growth lines are parallel with the (aR)} axis and are thus independent
of (@R), can be identified with a flow configuration where the bounding wall is
unimportant. Therefore we recover the results of HB. The effect of non-zero values
of surface tension is shown in figure 3(c). The short-wave instability of HB is
stabilized by surface tension. Again we recover the results of HB and show that at
m = 2.0 and Sz = 0.5 the short-wave interfaced wave is completely stable. Surface
tension, however, does not affect the instability that arises when § < 1.

4.2. Asymptotic analysis of the secular equation

We note that when (zR): » 1, the integrals N,,, M,, and @,, in (4.2a) become
exponentially larger than other terms in the secular equation. If we further assume
that § > 1 so that N,, ~ 1@Q,, and M,, ~ 1Q,,, we find that in the limit (aR)} > o0
the secular equation factorizes. One family of solutions are then given by the factor

Q11=O

and are the same modes found in semi-infinite Couette flow for short wavelengths.
These modes are generated by the solid boundary and are always stable.

The second factor is identical with the secular equation found by HB for
unbounded Couette flow of two superposed fluids of different viscosity and solutions
to this factor are the modes generated by the presence of the interface alone. Therefore
when g and (aR)t are both large, the stability of the flow configuration of figure 1
separates into the stability problem of semi-infinite Couette flow of one fluid bounded
by a wall which gives rise to stable wall modes and the stability problem of unbounded
Couette flow of two superposed viscous fluids which gives rise to interfacial modes.
HB have shown that one of these modes is unstable in the short-wavelength regime.

The secular equation can in fact be solved analytically if § and (aR)! are assumed
large or small. This gives rise to four regimes amenable to asymptotic investigation.

(i) (@R}> Land > 1
This asymptotic regime has been discussed above and has also been studied
previously by HB by a short-wave perturbation scheme.

(ii) (@R)i <1 and g <1

This gives rise to the long-wavelength perturbation scheme first devised by Yih
(1967) for the channel configuration of two superposed viscous fluids and adapted
by Hooper (1985) for the flow configuration of figure 1. The growth rate of the
instability is found to be proportional to (1 —m) and so the flow is stable if the film
of fluid is the less viscous fluid (m > 1) and unstable otherwise.
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(iii) (@R}> 1and <1

This is the asymptotic regime studied in §3 by the singular perturbation method.
The asymptotic analysis of the secular equation in this regime is discussed further
in §4.3.

(iv) (@R} < 1and g5 1

The nature of the instability in this regime turns out to be similar to the instability
found in regime (i). Further details of the asymptotic analysis of the secular equation
in this regime are found in §4.4.

4.3. Asymptotic analysis in regime (iit)
When (aR)t > 1 and # < 1, (4.2) reduces to (4.3). The solution of the unstable mode
of (4.3) is given by
_1-m N,
m f@y’

(4.6)

which is equivalent to

1
J‘ sinh at Ai (e731"/8 (aR) (¢ +c)) dt
1—mJ,
c=— T . (4.7)
j et Ai(e™51"/¢ (qR): (t+c))dt
0
Numerical results suggest that for this mode c is real at leading order and O(1). The
Airy functions within the integrands of (4.7) can therefore be replaced when
(xR): > 1 by their asymptotic form,

e8]
Ai(z) =in ¥ texp(—24) T d,z% asld->o0 (4.8)
n=0

where |arg (z)] < n (Abramowitz & Stegun (1965, 10.4.59)). We check that the
argument of the exponential term has no stationary points and apply Watson’s
lemma to evaluate each integral in (4.7) when (xR) > 1. In such a manner we find
that ¢ has the following asymptotic form when (aR)} > 1:

1
c= Co+m €1y +a_R Cyo» (49(1)
where €y = I—Tmm:zaa’ (4.90)
l_m . —2a
Cyy = Te—m“ Troh (4.9¢)
0
(=m) _ [§+31—m/m)e *+a(l+c
and c12=—1( - ) o2 I:‘ al /(ll-c 7 ( °):|. (4.9d)
0

The O(e)-terms in (4.3) also contribute to the series expansion in (aR)™* of c. We find
that at leading order, the O(¢)-terms modify ¢ by the addition of the term

1
aR W

where Cy = —2ia?[(1+m)+ (1 —m) e %], (4.9f)

(4.9¢)
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FIGURE 4. The unstable mode that arises when m > 1 with (@R® > 1 and £ < 1. (a) Im () vs. (aR)
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The expansion for ¢ shown in (4.9) is in agreement with the results of §3. Numerical
results for this mode are shown in figure 4. The asymptotic form for ¢ is in good
agreement with the numerical results for moderate values of m, large values of (aR)
and small values of §.

4.4. Asymptotic analysis in regime (iv)

This regime is amenable to solution by either direct asymptotic evaluation of the
secular equation or by a regular perturbation scheme applied to the governing
equations of motion, (2.1), and the boundary conditions, (2.2) and (2.4). Both
methods yield the same results and since the regular perturbation scheme is easier to
implement, only this method will be described.

We rescale the equations of motion and boundary conditions using ay =z and
hence solve the following system of equations:

(3—:2— 1)2 ¢, (2) = i%(z—-ac) (%—1) $(2) (—a<z2<0),  (4.10a)

2

(:11—:2 )2¢2(z)—1 o mac)((;izz )¢2(z) (z > 0), (4.10b)

subject to
$i(—a) =0, (4.11q)
¢ (—a)=0, (4.11b)
¢,—>0 asz—>oo0, (4.12)

and the ‘interfacial conditions at y = 0

$1(0) =6:(0) = $(0), (4.130)

d¢§:0) = d¢(1220)+¢(60) (1;;" ) (4.13b)

(fﬁ 1) $.(0) = (:112“) $4(0) (4.13¢)
(%;_3) d¢§:0) =m (3—;’3) d¢—§?—)+i§s (*8) @. (4.13d)

Equation (4.22) can be solved by a regular perturbation method. Assume expansions
for ¢; (5 = 1,2) and c of the form

$0) = T ¢ fuale) (4.140)

Bale) = T € gl (4.14)

and ¢= go ene,, (4.14¢)
where b1a(2) = b,(2) € +d,(2) €77, (4.14d)
Pan(2) = a,(2) e7* (4.14¢)

and e=f"%<«1. (4.14f)
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The items a,, b, and d, are polynomials in z. We substitute these expansions for
@., ¢, and ¢ in (4.22)-(4.25). At O(¢®) we find that

o = 4a(1 —m)
° e (1+m)P+e~2 (1—m)+(1—m) (1 +m) (42 +2)

4.15)

At O(e) we find that ¢, is pure imaginary and when « is large, the expression for ¢,

simplifies to
. (1-m)* a8 ]
% 1[2a(1+m)m’ 2(1+m)l

The growth rate of the disturbance is equal to (R/x)c, and is the same growth rate
found by HB for the unbounded two-fluid problem. The value of ¢,/a?(= Im (c)/R)
for any value of « is shown graphically in figure 5 for various values of dimensionless
surface tension S. Figure 5 shows that when § = 0 the flow is stable below a = 1.8
and unstable above a = 1.8. This result indicates that on the (8, (aR)})-plane, one
branch of the neutral stability curve asymptotes to the hyperbola & = S(aR)i = 1.8
as B becomes large.

Table 1 shows the agreement between the analytical values for Im (x), which are

8-2
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Analytical Numerical

Ky Ky Ky Ky

(@) a=1,m=20

R
0.2 —0.048095 —0.000636 —0.048134 —0.000563
0.1 —0.038173 —0.000250 —0.038181 —0.000224
0.01 —0.017718 —0.000116 —0.017720 —0.000011
B a=2,m=20
R
1.0 —0.023044 0.4676 x 1072 —0.023211 0.395x 1072
0.1 —0.010696 0.2171 x 1074 —0.010697 0.18x10™¢
001 —0.004965 0.1007 x 107® —0.004965 0.1 x107®
(¢) R=1,m =20
a
20 —0.023044 0.4676 x 1072 —0.023211 0.395 x 1073
3.0 —0.004921 0.1087 x 1073 —0.005004 0.1077 x 1073
4.0 —0.000954 0.8175x 1073 —0.000999 0.815x 1078

TaBLE 1. Comparison between analytical and numerical values for Im (k)

equal to (xR): 8~ %,, and the numerical values for Im (x), which are computed from
(4.2) at small R. From figure 5 we also note that there is a critical value of S (0.00498)
which stabilizes the flow at small R for all values of .

5. Discussion

We have demonstrated that for the flow configuration of figure 1 there are three
main types of instability which depend on the magnitude of the parameters (aR): and
B. When (aR)s < 1 and 8 < 1 we find the Yih-type instability, which is only apparent
if the lower bounded fluid is more viscous than the upper unbounded fluid. When
B > 1 we find the short-wave instability of HB which occurs solely because of the
presence of the interface. We have identified a third type of instability which exists
in the regime (aR)} > 1 and g < 1. This instability arises at the viscous boundary
layer at the wall and is only apparent when the kinematic viscosity of the lower
bounded fluid is less than the kinematic viscosity of the upper unbounded fluid. The
instability is confined to the lower less viscous fluid and the upper fluid remains
relatively undisturbed.

Figure 6, which depicts the same neutral stability curve as figure 3 (¢) but in the
(a, R)-plane, where R is the Reynolds number of the lower fluid, shows that in the
absence of surface tension, the flow of two fluids of equal density but with viscosity
ratio m = 2 is unstable at all values of R. The numerical results depicted in figure
3 (c) and the asymptotic results shown in figure 5 reveal that surface-tension effects
stabilize the flow at small R.

When m < 1, the flow configuration of figure 1 is still unstable when > 1 and
(xR)* » 1. This is the HB instability which arises in the absence of solid boundaries.
The results of §4.4 show that this short-wave instability still exists when (aR)} < 1.
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Figure 6. The neutral stability curve when m = 2.0 and Sy =0 in the (a, R)-plane. The
asymptotic trend of each branch of the neutral stability curve is marked and stable and unstable
regions are defined.

Asymptotic analysis yields that in the regime # < 1 and (aR)} < 1 the flow is unstable
when m < 1 whereas when # < 1 and (aR)} > 1 the flow is stable. Thus the neutral
stability curve for m < 1 is quite different from that for m > 1 when (aR)} is small
or f# is small. Figure 7 (a) shows the neutral stability curve for the flow configuration
of figure 1 with two fluids of equal density but viscosity ratio m = 0.5 in the
(B, (aR)})-plane. Figure 7(b) which is the same neutral stability curve but in the
(a, R)-plane shows that this flow is unstable at all values of R.

The instability of §3, which arises when m > 1, (aR)) > 1 and £ < 1, is charac-
terized in figure 6 by the unstable region at large R between the two lower branches
of the neutral stability curve. The results of §3.2 show that for fluids of unequal
density the flow is unstable if the viscosity ratio m(= p,/g,) is much greater than
the density ratio (= p,/p,) and that the effect of surface tension and gravity on this
instability is negligible. Therefore by interpreting the results of (3.32¢) and (3.34) to
extrapolate figure 6 to the case of two fluids of unequal density as well as unequal
viscosity, we predict that an instability of moderate wavenumber a (~ d/A) should
arise in the lower bounded fluid at high R of the flow provided that the kinematic
viscosity of the lower fluid is less than the kinematic viscosity of the upper fluid.

Some experimental evidence for this instability may be found in the works of
Charles & Lilleleht (1965) and Kao & Park (1972). Both studies were of plane
Poiseuille flow of two superposed viscous fluids, namely oil and water, confined to
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FioURE 7. The neutral stability curve when m = 0.5 in the (@) (8, (aR)}-plane for S = 0.0; (b)
(a, R)-plane for Sz =0, 1.0.

a channel. Both report an instability arising at high R of the less viscous fluid which
causes the less viscous fluid to become unstable and the interface to become wavy
but which does not affect the more viscous fluid. In particular Charles & Lilleleht
report that for this instability the interfacial waves are approximately 0.5 in. long
compared to a channel depth of 1 in. and that the ratio of oil Reynolds number to
water Reynolds number is moderate. This implies a wavenumber a of approximately
2. These values of « and R together with a viscosity ratio m = 5.3 and a density ratio
r = (.82 suggest that this instability may be the instability studied in §3.
Poiseuille flow of one fluid confined to a channel is unstable at high R because of
the presence of unstable Tollmien—Schlichting waves. The instability observed by
Kao & Park and Charles & Lilleleht may be this unstable mode rather than the
unstable interfaced mode discussed here. The mode that will be observed in practice
is likely to be the one with the largest growth rate. The numerical results of figure 3
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show that the growth rate of the unstable interfacial mode at non-zero values of
surface tension is similar in magnitude to the growth rate of the unstable Tollmien—
Schlichting wave of Poiseuille flow (see Rosenhead 1963, p. 531).

Hame & Muller (1975) have studied the stability of plane two-layer Poiseuille flow
in the absence of surface tension. The flow configuration comprises a more viscous
core fluid bounded by two thin layers of less viscous fluid next to the walls. Their
results seem to indicate unstable Tollmien—Schlichting waves in Poiseuille flow rather
than the unstable mode discussed in this paper. Blennerhassett (1980) studied the
stability of various basic flows of two superposed viscous fluids in a channel. He
discovered a variety of modes, some of which are surface modes and others shear
modes. The results of his linear analysis indicates that the surface modes are the most
unstable.

Finally it should be noted that the range of validity of the linear stability theory
which at present is restricted to disturbance amplitude much less than the viscous
lengthscale, can be greatly extended using curvilinear coordinates at the interface.

We wish to thank the referees for their many helpful comments. This work was
supported by SERC grant GR/D/2417.3.
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